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Error analysis for ACORN HF radars

Abstract

This report looks at error analysis from radial to vector.

1 Introduction

The purpose of this document is to calculate the errors in current vectors
that result from combining radials which could have different errors. In this
respect it is similar to the analysis of Lipa and Barrick [1983] except that in
this document (at least for now) we are only considering the simpler case of
combining 2 radials. Many published analyses of this simpler case assume
the same error for each radial and this gives rise to the standard GDOP
analysis (e.g. Chapman et al. [1997]) which provides an error magnification

for the U and V components which is proportional to
√

1
sin2(θ)

where θ is the

angle between the beams. A combined GDOP obtained by taking the square
root of the sum of the squares of the U and V GDOPs is given by

√

2
sin2(θ)

and this, or just θ, can be used to provide an overall view of the impact of
this geometric error. Note that this is not the same as the GDOP impact
on speed which is analysed below. In addition the analysis presented in this
document considers the possibility that the radials are averaged before the
vector is calculated.

Because the analysis below only applies to the combining of two radials
from separate radars, at the moment it only deals with WERA processing.

ACORN currently provide WERA radial current outputs at two levels.
Level 00 uses the standard WERA software to generate the radials and their
standard deviations, level 01 uses ACORN developed software to generate
the radials using calibrated radar data. The level 00 radials are obtained
using the centroid of the Doppler spectrum identified as being within the first
order peak. The standard deviations in the files are the standard deviations
of the centroid estimator. The level 01 process identifies a particular Bragg
peak (positive and negative) as being the correct one for current estimation,
within a region identified as first order, using a peak tracking algorithm. An
estimate of the standard deviation of the derived radial current is determined
from the mean width of the two peaks weighted by their maximum power.
The Doppler frequency shifts that arise in these analyses are converted to
radial speed and its standard deviation by multiplying by π

k0
where k0 is the

radar wavenumber.
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2 Analysis

Let the two radials have magnitudes R1, R2 with directions from north given
by θ1, θ2 and errors σ1, σ2. Note that SeaSonde uses the convention that
radials are positive towards the radar. WERA radials are positive away from
the radar.

In this analysis the following result is applied [Papoulis, 1984]. If we have
two random variables, x and y say, with variances σ2

x and σ2
y , the variance,

σ2
g , of a function of these variables, g(x, y), can be evaluated using

σ2
g =

(

∂g

∂x

)2

σ2
x +

(

∂g

∂y

)2

σ2
y + 2

∂g

∂x

∂g

∂y
Cxy

where Cxy is the covariance of x and y.

For the case G(x, y) = x+y where x and y are uncorrelated this becomes
variance of sum = sum of variances.

It is assumed here that the errors in the two radials are uncorrelated.

If we average N of these radials, R11, R12, . . . , R1N , and similarly for R2,
to form R1a, R2a we have

σ2
1a = (σ2

11 + σ2
12 + . . .+ σ2

1N)/N

Similarly for σ2
2a. Note that θ is the same for all radials in the average.

For the WERA case where we are combining data from 1 radial from each
of two radars the U, V components of velocity are then calculated using

U =
R2acosθ1 −R1acosθ2

sin(θ2 − θ1)
V =

R1asinθ2 −R2asinθ1
sin(θ2 − θ1)

The resulting variances in U, V i.e. σ2
U , σ

2
V are calculated using
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σ2
U =

σ2
2acos

2θ1 + σ2
1acos

2θ2
sin2(θ2 − θ1)

σ2
V =

σ2
2asin

2θ1 + σ2
1asin

2θ2
sin2(θ2 − θ1)

.

For the case when the variances of each radial are the same, the above can
easily be shown to be equal to the expressions for variance in the Chapman
et al. [1997] paper once the different angles used in the calculations in that
paper are acoounted for. Note that these variance estimates are not the same
as those suggested in equation 7 of Nadai et al. [1999] which are implemented
in the eMII software (although not propagated through to the netcdf files).
That paper assumes the errors transform in the same way as the equations
which is not correct.

The standard WERA calculation of vector and associated error uses a
weighted minimisation method with weights given by the errors in the indi-
vidual radials [Gurgel, 1994] [Voulgaris et al., 2010]. For the case of combin-
ing two radials the resulting U and V components and their errors that are
found using this method are exactly the same as those given above.

The Gurgel [1994] method considers the system of equations AV = R

where R is a vector containing all the radials to be used in the analysis (e.g.
R1, R2 above), V is the resultant vector (U, V ) and A is the matrix of the
geometrical transformation from vector current to radials. For the 2 radial
case we have

A =

[

sinθ1 cosθ1
sinθ2 cosθ2

]

Note that in Gurgel [1994] angles are anti-clockwise from east whereas here
they are clockwise from north. Solving AV = R for V of course gives the
same result for (U, V ) as above.

For the weighted minimisation the matrix A is modified by the standard
deviations (errors) as follows for the two radar case.

A =

[

sinθ1
σ1

cosθ1
σ1

sinθ2
σ2

cosθ2
σ2

]

The equation to be solved is then

(ATA)V = ATB

where V is the resultant vector as before and B is given by
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B =

[

R1

σ1

R2

σ2

.

]

The solution is
V = (ATA)−1ATB.

The variances in the estimates of U and V are determined from the diagonal
elements of (ATA)−1.

Without going through all the algebraic details we have

ATA =





sin2θ1
σ2

1

+ sin2θ2
σ2

2

sinθ1cosθ1
σ2

1

+ sinθ2cosθ2
σ2

2

sinθ1cosθ1
σ2

1

+ sinθ2cosθ2
σ2

2

cos2θ1
σ2

1

+ cos2θ2
σ2

2



 ,

(ATA)−1 =
σ2
1σ

2
2

sin2(θ1 − θ2)





cos2θ1
σ2

1

+ cos2θ2
σ2

2

−
sinθ1cosθ1

σ2

1

−
sinθ2cosθ2

σ2

2

−
sinθ1cosθ1

σ2

1

−
sinθ2cosθ2

σ2

2

sin2θ1
σ2

1

+ sin2θ2
σ2

2



 ,

ATB =





sinθ1R1

σ2

1

+ sinθ2R2

σ2

2

cosθ1R1

σ2

1

+ cosθ2R2

σ2

2



 ,

which can easily be shown to be consistent with the expressions given
earlier for U , V and their variances.

The Seasonde vector processing also uses a least squares minimisation
method although in that case it takes all measured radials within a speci-
fied radius from the point of measurement. The equations are not weighted
in this case and an analytic solution is used for both the solution for the
velocity vectors and for the errors. In the Gurgel method a singular value
decomposition is used to solve the equations although a very similar analytic
solution is also available.

The variance of the speed is determined using the result quoted earlier
where speed = S =

√

U2 + V 2. Hence

σ2
S =

(

U

S

)2

σ2
U +

(

V

S

)2

σ2
V + 2

(

U

S

)(

V

S

)

CUV .

CUV is given by the off-diagonal terms (which are equal) in (ATA)−1 i.e.

CUV =
−1

sin2(θ1 − θ2)

(

σ2
2sinθ1cosθ1 + σ2

1sinθ2cosθ2
)
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In the examples below the standard deviation in speed is used to filter
current vector data. ACORN/eMII currently provide two radial and vector
current outputs. Level 00 uses the standard WERA software to generate the
radials and their standard deviations, level 01 uses ACORN developed soft-
ware to generate the radials using calibrated radar data. Level 01 standard
deviations are calculated from the width of the Bragg lines. In both cases
the vectors are calculated using eMII software after averaging the radials
over one hour. The averaging is not included in the examples here which are
just used to illustrate the error propagation and subsequent filtering of the
data. Level 00 and 01 radials are compared. Signal to noise is also plotted
and used to filter the vectors.

Figure 1 shows, from top to bottom, signal to noise, radial velocity and
standard deviation for the Nambucca Heads (NNB) radar with level 00 on
the left and 01 on the right. Figure 2 is the corresponding figure for Red
Rock (RRK). The improvement both in terms of signal-to-noise (presumably
because of the calibration) and standard deviation at level 01 is clear for
this example. The vector map for these data is shown in Figure 3 together
with maps of speed standard deviation. Also shown is the ratio of standard
deviation to speed (relative standard deviation). The GDOP influence near
the coast is clearly seen. The relative standard deviation in the region with
lowest speeds is high and may be indicating a data problem in this area.
Figure 4 shows the vector maps filtered using selected values of standard
deviation, relative standard deviation and minimum (for the two radars)
signal-to-noise. The low speed region is partially filtered using the relative
standard deviation filter but this filter is less successful at dealing with the
coastal GDOP errors. Obviously the parameters used for the filering can be
fine-tuned and the different filters combined to get the best result. Filtering
could also be applied to the U and V components rather than to speed.

3 Summary

It is recommended that the formulae in boxes above be used to calculate
WERA vector currents and their variances using the radials and their stan-
dard deviations that are included in the radial files. The U and V variances
should be included in the vector files and used to filter (together with signal-
to-noise) the data presented on the portal and on Oceancurrent. This could
be achieved by using these values to reassign the quality indicator to prob-
ably bad when the vectors are being calculated if a particular threshold or
combination of thresholds is exceeded.

The U and V variances for the SeaSonde data are already available in the
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00 01

Figure 1: NNB. Upper row: signal to noise in dB; middle: radial in m/s;
lower: standard deviation in m/s
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00 01

Figure 2: RRK. Upper row: signal to noise in dB; middle: radial in m/s;
lower: standard deviation in m/s
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00 01

Figure 3: COF. Upper row: surface current (every third vector shown);
middle: speed standard deviation in m/s; lower: standard deviation/speed
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00 01

Figure 4: COF filtered currents (every third vector shown). Upper row: by
standard deviation < 0.06; middle: by standard deviation/speed < 0.25;
lower: by signal to noise > 10dB
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vector (sea-state) files provided by ACORN. These should be included in the
eMII gridded vector files and during this process could be used to reassign
the quality indicator in a similar way except that signal-to-noise is not an
available parameter in this case.

Note that this analysis has not addressed the issue of the impact of the co-
herent dwell period on radial accuracy. This is under review within ACORN
and it is likely that we will extend this measurement period particularly for
the 8-9MHz radars.
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